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Abstract

Sound is a weak by-product of a subsonic turbulent flow. The main convective elements of the turbulence are sile
is only spectral components with supersonic phase speeds that couple to the far-field sound. This paper reviews re
on sound generation by turbulence. Just as there is a hierarchy of numerical models for turbulence (scaling, RANS,
DNS), there are different approaches for relating the near-field turbulence to the far-field sound. Kirchhoff approaches
far-field sound in a straightforward way, but provide little insight into the sources of sound. Acoustic analogies can be used w
different base flows to describe the propagation effects and to highlight the major noise producing regions.
 2003 Elsevier SAS. All rights reserved.

1. Introduction

Sound generation by turbulence in the propulsive jet is a major element of an aircraft’s noise at take-off and nee
reduced if society’s demands for quieter aircraft are to be met. This is challenging because turbulence is remarkably i
as an acoustic source. In the absence of any solid surfaces, the turbulent Reynolds stresses form quadrupole acou
with significant cancellation in the way they generate sound [1]. Investigation of the characteristics of sound genera
propagation from quadrupole sources, together with estimates of the typical order of magnitudes of the turbulent str
their integral length scales, ledto Lighthill’s celebrated eighth-power law. This law states that the radiated sound power fr
a cold subsonic jet increases in proportion to the eighth-power of the jet velocity, but with only the square of the jet d
There is then significant noise reduction if the jet diameter is increased, and the velocity decreased, while maintaining
thrust. This has been used with great effect in aeroengines over the last forty years: bypass ratios have increased
thrust being generated by moving a greater mass of air more slowly, leading to a reduction in the radiated sound at fix
However, now aeroengines have evolved to be as large as possible (at least if they are to fit underneath a convention
wing!!) and jet noise is still the dominant noise mechanism at takeoff. More subtle modifications are needed, and manu
are willing to make such modifications – even if they increase the drag slightly.

The development of new devices to reduce the sound involves a delicate balance. While jets in unbounded s
inefficient, the radiated sound can increase dramatically when surfaces are introduced. However, the most straightfor
of modifying the characteristics of the turbulence is through the introduction of additional surfaces such as, for example, sm
protuberances into the jet or nozzle-lip serrations or crenellations which enhance mixing [2]. The optimisation of such
is challenging: they have a drag penalty which must be minimised; and even when the generated sound power is r
some frequencies it may be increased at others [3]. However, if the increase is modest and occurs at high enough fr
there may be a worthwhile net reduction in the sound heard by a listener on the ground, simply because high-frequency so
is attenuated more effectively by propagation through the atmosphere. There are currently no models that can be us
to assess the effectiveness of jet noise reduction devices and their design is almost entirely empirical. The develo
appropriate analytical and computational tools requires the integration of ideas from turbulence modelling and acoust
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This paper reviews recent work in aeroacoustics. The scales ina turbulent jet give an indication of the inherent challenges.
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The Reynolds numbers of interest are high, typically in the range 10→ 10 in practical applications. This means that of t
order of 1012 → 1015 grid points are needed to resolve all relevant turbulence scales. Even if models are used for the
turbulence, the geometrical scales stillspan a large range: much of the high frequency sound is generated near the jet lip
the shear layers are very thin, typically less than 0.05D, whereD is the jet diameter, whereas the peak noise production is
the end of the potential core, some 7 jet diameters further downstream. We are interested in the noise radiated to th
and that means distances much larger than the extent of the source region requiring radial distancesr greater than 40D. For a
direct numerical calculation, at least 6–8 mesh points/wavelength are needed. Moreover, a broad frequency range is
100 Hz–10 kHz, which corresponds to Strouhal numbers based on jet exit velocity in the range 0.01< f D/Uj < 1.0 for a
typical jet.

The jet is inefficient as an acoustic source: typically the sound power will be between 10−5 and 10−4 of the jet power, with
u′

acoustic∼ 10−4u′
jet and so any numerical code used to predict the noise of turbulence needs be highly accurate if it

introduce spurious sources of thisorder due to digitisation errors. Neither should the code introduce anysignificant numerica
dissipation or dispersion. Moreover, it isessential to have non-reflecting boundary conditions and to enable the jet to e
computational domain silently [4,5]. All these are stringent demands.

The numerical difficulties arise because of the low efficiency of turbulent sources and this low efficiency is becau
of a turbulent flow is silent. The challenge is to capture the weak source producing elements in the turbulence, in the
of the much more intense hydrodynamic fluctuations. Any modelling scheme or experimental investigation must be develope
with a firm view of what components of a turbulent flow actuallygenerate acoustic waves and we discuss the sources of s
in Section 2.

Effective modelling of sound generation by turbulence requires the coupled consideration of the propagation of acou
waves through the jet or wall boundary layer to the acoustic far field, together with an assessment of the turbulent sou
as there is a hierarchy of different approaches for turbulence modelling (scaling, RANS, LES and DNS), different tec
and levels of approximation have been applied to this radiation problem. The advantages and disadvantages of th
methods are reviewed in Section 3. There is no universal ‘best’ method – indeed the choice depends not only on the fo
information available on the near-field flow, but also on how theresulting far-field sound will be used: whether the requirem
is just for a predicted sound pressure level, or whether the method should enhance understanding of what, and where
are the main noise sources.

2. Turbulence as a source of sound

A turbulent flow may have very energetic velocity fluctuations, with significant pressure fluctuations, but only
components of this energetic flow generate acoustic waves that propagate to the far field with the speed of sound. Lighth
acoustic analogy provides a very convenient mechanism to investigate how turbulence generates sound. Lighthill [1] re
the Navier–Stokes equation into the form of an inhomogeneous wave equation:

∂2ρ′
∂t2

− c2
0∇2ρ′ = ∂2Tij

∂xi∂xj
, (1)

ρ is the density perturbation,p the pressure andc the speed of sound.Tij is Lighthill’s quadrupole,Tij = ρuiuj +
(p′ − c2

0ρ′)δij − σij , where in an isothermal jet the main contribution is from the unsteady Reynolds stresses. The
denotes a perturbation and the suffix zero the mean value in the distant field.

The solution to this inhomogeneous equation is

ρ′(x, t) = ∂2

∂xi∂xj

∫
Tij (y, t − |x − y|/c0)

4πc2
0|x − y| d3y, (2)

which in the far-field simplifies to

p′(x, t) = xixj

4πc2
0|x|3

∂2

∂t2

∫
Tij

(
y, t − |x|

c0
+ x · y

|x|c0

)
d3y. (3)

This relates the radiated sound pressure at an observer’s positionx at time t to an integral over the source region of t
quadrupoleTij evaluated at a time earlier thant by the time taken for the sound to travel from the source positiony to x.
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Only elements of the turbulence that contribute to this volume integral influence the far-field sound. We can identify these
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components by investigating disturbances of frequencyω. Taking the Fourier transform in time of Eq. (3) leads to

p̂(x,ω) = −ω2xixj e−iω|x|/c0

4πc2
0|x|3

∫
T̂ij (y,ω)eiωx·y/(|x|c0) d3y, (4)

where the circumflex denotes the Fourier component. The volume integral can now be evaluated in terms ofT̃ij (k,ω), the
wavenumber-frequency decomposition ofTij , which is defined as

T̃ij (k,ω) =
∫

Tij (y, τ )e−i(ωτ+k·y) d3ydτ =
∫

T̂ij (y,ω)e−ik·y d3y.

The volume integral in Eq. (4) is simplỹTij (k,ω) with k = −ωx/c0|x|, giving

p̂(x,ω) = −ω2xixj e−iω|x|/c0

4πc2
0|x|3 T̃ij

(
− ωx

c0|x| ,ω
)

. (5)

Eq. (5) shows that, for each value ofω and a given observer positionx, only asingle wavenumber,k = −ωx/c0|x|, contributes
to the radiated sound. This wavenumber is directed to the observer and has magnitude|k| = |ωx/c0|x|| = ω/c0.

For propagation to an observer at an angleθ to the jet axis, these spectral components travel in the axial direction with s
c0/cosθ , i.e., supersonically. When the jet speed is such that the eddy convection velocity is subsonic, almost all comp
the turbulence are silent. For example, all frozen turbulence satisfying Taylor’s hypothesis and hence being a function ox− tUc

only, generates no noise when its convection velocityUc is subsonic: the most energetic elements of the turbulence then ha
influence on the far-field sound. This is illustrated in Fig. 1, where the elements that generate sound that travels in the direction
θ have an axial phase speedω/kx = −c0/cosθ , whereas the most energetic elements in the turbulence convect with
ω/kx = −Uc. If we plot contours of̃Tij (k,ω) as shown in Fig. 2, the peak amplitude aligns with the directionω/kx = −Uc .
But, it is only the very weak supersonic components that influence the far-field sound. Taking all angles of propagationθ into
account, the sound producing components form a very thin cone inc0|k| � ω. It is only the turbulent fluctuations in this con
that we are interested in for sound generation – all other components are irrelevant, even though their amplitudes are muc
larger they are uncoupled to the far-field.

Some of the large-scale structures in a jet flow approximate to instability waves, so it is instructive to see how distu
in a wave packet generate far-field sound. We will consider a disturbance whose amplitudeA slowly evolves as it convect
downstream. We can illustrate these effects through a two-dimensional example in which the pressure perturbation is given
the planey = 0 to be

p′(x,0, t) = A(εx)eiω(t−x/Uc) with ε � 1 andMc = Uc/c � 1 (6)

as illustrated in Fig. 3. We wish to find the solution to the wave equation∂2p′/∂x2 + ∂2p′/∂y2 = (1/c2)∂2p′/∂t2 in y > 0.

The functionA(εx) might be, for example, a Gaussian and for definiteness we takeA(εx) = ε e−ε2x2
.

Fig. 1. Sound radiation in directionθ . Fig. 2. Only wavenumber-frequency components withk = −ωx/

c0|x| generate far-field sound.
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Fig. 3. A convecting and evolving wave packet.

The solution to the wave equation iny > 0 can be conveniently expressed in terms of an integral over wavenumber, a
x in the far-field the integral can be evaluated by the method of stationary phase [6] to give

p′(x, y, t) =
√

1

2rκ
eiω(t−r/c)+iπ/4sinθ exp

[ −κ2

4M2
c ε2

(1− Mc cosθ)2
]
, (7)

whereκ = ω/c0. The sound pressure decays with the inverse square-root of distance in this two-dimensional problem
most striking aspect of the form in Eq. (7) is that the pressure field is exponentially small whenMc is subsonic. (Note the facto

exp[ −κ2

4M2
c ε2 (1− Mc cosθ)2] in Eq. (7).) If the wave packet were to convect without change it would be silent. It only gene

sound through its slow modulation in amplitudeA(εx). For subsonic flows, the pressure field is largest nearθ = 0 and decays
exponentially fast away from that direction. This type of behaviour was first discovered by Crighton and Huerre [6] wh
it ‘super-directive’. The far-field sound is so weak that an extensive source length contributes to it and, as is typical fo
source, leads to a highly directional sound field.

Although this example is highly idealised, many aspects remain true in general. In particular, the subsonically co
large-scale flow structures donot generate sound directly, but only through their gradual change in amplitude, and that soun
beamed into directions near the jet.

3. Numerical solutions

Figs. 4 and 5 show the results of Freund [7] from a Direct Numerical Simulation (DNS) of a jet of Reynolds numbe
(based on jet diameter),Mj = 0.9. In this calculation, the ‘near-field’ numerical simulation was extended to determine the
on a ‘Kirchhoff’ surface, that is a surface sufficiently far outside the jet that the flow perturbations there are linear. Th
radiated to the far field can be determined directly from the unsteady flow on this surface either by evaluating an inte
the surface, or through a spectral solution of the wave equation outside the surface. We see that the DNS agrees we
experimental data obtained by Stromberg et al. [8] at the same low Reynolds number. Through comparison with o
at more practical Reynolds numbers, we see that, although the peak sound radiation nearθ = 30◦ which is generated by th
large-scale structures is correctly recovered, there is a real Reynolds number dependence of the sound field atθ = 90◦. This is
not surprising: the sound radiated in this direction is produced by small-scale turbulence, which is Reynolds number de

These results were obtained using the numerical solution to determine the flow on a Kirchhoff surface and then in
over this surface to calculate the far-field sound. While this is an effective way of determining the far-field sound fro
field information, the pressure perturbations on the Kirchhoff surface are influenced by all the sources and so this
information about the locations of the most significant sources. To overcome that Freund [7] used the numerical so
investigate the statistics ofS(x, t) = ∂2Tij /∂xi∂xj . Fig. 6 shows contours of̂S(kx,ω), the cross power-spectral density
S(x, t), integrated overr andθ . The contours approximate to the elongated ellipses sketched in Fig. 2. The peak phase veloc
or coherent ‘eddy convection velocity’, can be deduced from the slope of the major axis of the ellipses and is found to
ω/kx = −c0/3, i.e.,Mc = 0.3, corresponding to one-third of the jet-exit speed. As we noted in Section 2, these intense s
elements with subsonic phase speed are silent: it is only turbulent fluctuations within the sonic cone that radiate sound
view of that is shown in Fig. 7, which is a plot of the cross-power spectral density at a particular value of frequency. It
part of the decaying ‘tail’ of the turbulent spectrum that contributes to the sound field. While many numerical calculatio
resolve the spectral peak, great care is needed to ensure that the weaker noise-producing components are not conta
extraneous noise sources. DNS calculations, carefully carried out, provide insight into the turbulent acoustic source
a tremendous resource against which to evaluate models (see for example Freund and Colonius [11]). However, the
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flow on a ‘Kirchhoff’ surface and a spectral solution for
the far-field sound, — DNS, Re 3600 [7], experimental
data,• Re 3600 [8],◦ Re 2× 105 [9], � Re 6× 105 [10]
(from [7]).

Fig. 5. Far-field pressure spectrum atθ = 30◦ for Re = 3600, — DNS
calculation Freund [7],· · · · · · experimental data Stromberg et al. [8] fro
Freund [7].

Fig. 6. Contours of cross power-spectral densityŜ(kx,ω) from Freund [7].

feasible at low Reynolds numbers. For the higher Reynolds numbers of more practical interest at least some of the sound sou
have to be modelled.

Large Eddy Simulation (LES) is able to give reasonable predictions for the low frequency sound (Choi et al. [12],
et al. [13], Seror et al. [14], Zhao et al. [15], Rembold et al. [16]). But as shown in Rembold et al. [16] in Fig. 8, the
frequency sound is under-predicted. The length-scales associated with such high frequency sound are prohibitively
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Fig. 7. Axial wavenumber spectrum at frequencyω = 3c0/D in a
Re= 3600 jet from Freund [7].

Fig. 8. Calculated far-field spectra at 30◦ to the jet axis for a
5:1 low Reynolds number rectangular jet of Mach number 0
L = major axis length. DNS —, LES· · · · · · (after Rembold [16]
from a combination of their Figs. 6(b) and 10(b)).

are not resolved by the LES. It is necessary to model these sources and determine their contributions to the far-field
when LES is used to provide the information about the jet flow, the statistics of the high frequency/short-length scale
sources must be modelled. (It is worth noting that, since these depend on multi-point correlations, the unresolved leng
tend to be somewhat larger than the LES grid-scale.) If a steady Reynolds-Averaged Navier–Stokes (RANS) solution
determine the jet flow, then models are needed for all the acoustic turbulent sources. So for either LES or RANS calc
one needs to model at least some turbulence fluctuations that are important acoustic sources and determine their con
the far-field sound. This can be done through an acoustic analogy.

4. Acoustic analogies

The idea of an acoustic analogy is to express the exact equations of motion in terms of linear fluctuations from a b
which describes the propagation effects, and nonlinear fluctuations, which are viewed as the acoustic source terms. Diffe
base flows have been used [17]. The Lighthill equation (1) involves a base flow which is a state of rest. Ffowcs Willia
used a base flow of uniform motion, appropriate for turbulent sources in a moving stream. Mani [19] and Dowling et
used a ‘top hat’ velocity profile to account for propagation effects, that is a base flow in which there is a jet of un
moving air in an otherwise stationary flow. Of course real jets have a continuousvelocity profile and Lilley [21] and Balsa an
Gliebe [22] modelled the base flow as a parallel shear flow, not evolving axially. In that case the linearised fluctuati
to the compressible Orr–Sommerfeld operator, and the nonlinear sources are complicated. For jet-like mean flow pr
Orr–Sommerfeld equation has eigensolutions which describe convective instabilities and grow without limit in a non-evolving
parallel shear flow. These arise because the base flow has been idealised. If instead one uses the time-mean at eacx
as the base flow, then the propagation effects are described by the linearised Euler equations and the nonlinear ter
viewed as source terms, in the spirit of Lighthill’s pioneering analogy.

To illustrate this approach we begin with the equations of conservation of mass, momentum and energy for a com
viscous fluid motion, expressed in conservation form:

∂Ui

∂t
+ ∂Fij

∂xj
= 0 for i = 1, . . . ,5; j summed 1 to 3, (8)

whereU = [ρ,ρu1, ρu2, ρu3,E]T, F1j = ρuj , Fij = ρuiuj + pδij − σij , for i = 2, . . . ,4, andF5j = uj (E + p) − uiσij −
λ∂T/∂xj , E is the total energy per unit volume,E = ρ(e+ 1

2(u2
1 +u2

2 +u2
3)) andσij is the viscous stress tensor,λ the thermal

conductivity ande the internal energy. The ideal gas law relates the pressure, temperature (internal energy) and fluid den
flow at each positionx is then decomposed into its time-mean and a time-varying part, using density-weighted decompositi
as usual in compressible flow. Thus for the momentum flux we write:ρu = ρũ, u(x, t) = ũ(x) + u′(x, t). The time mean o
Eq. (8) then leads to the usual Favre-averaged Navier–Stokes equations for the mean flow, with a closure model re
the time mean of the nonlinear terms (the density-weighted Reynolds stresses and turbulent energy flux). The equatio
time-varying elements can then be determined by subtracting from Eq. (8) its time mean. In our approach, we rear
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resulting equations, retaining all the terms that depend linearly on the unsteady flow on the left-hand side of the equation, with
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all other terms treated as right hand side source terms. These can be expressed symbolically as

LijV ′
j = N ′

i , whereV = [ρ′, ν′
1, ν′

2, ν′
3,p′]T andv′ = ρu′/ρ̄. (9)

Lij is the operator for the linearised Euler equations, involving the mean flow variables and partial derivatives with
to x and t , and the energy equation has been reformulated to provide an equation for the time-varying pressure. The
term N′ involves terms which are either non-linear in the unsteady flow or time-varying viscous terms. The choice of
averaging ensures that the time-mean ofv′ is zero and thatN ′

1 = 0. Moreover, fori = 2, . . . ,4, N ′
i
= −∂R′

ij
/∂xj , where

R′
ij

= ρu′
i
u′
j

− o′
ij

− ρu′
i
u′
j
. The source term in the energy equation,N ′

5, is small for an isothermal jet but may be significa
when the jet is hot.

At least some of the elements ofR′
ij will have to be modelled. This is particularly important in directions whose an

are greater than 60◦ from the jet axis because in these directions it is the small-scale elements of the turbulence that g
sound [23]. Bechara et al. [24,25] and Baillyand Juve [26] use what they call a stochastic noise generation and radiation mod
to construct a random source in the time domain with known spectral properties. They express the time mean turbulen
at positionx, ut (x), as a sum of wavenumber components, whose amplitudeûn(kn) is chosen to match the von Karman–P
turbulent kinetic energy wavenumber spectrum and whose phaseψn is random. They take

ut (x) =
N∑

n=1

inûn(kn)cos(kn · x + ψn), (10)

which is extended into the time domain using the local mean convection velocityUc and a Gaussian distribution of frequenc
aboutu′kn, whereu′ is the rms turbulence velocity fluctuation:

ut (x, t) =
N∑

n=1

inûn(kn)cos
(
kn · (x − Uct) + ψn + ωnt

)
. (11)

They then solve the linearised Euler equations in the time domain with this source term.
However, since the source depends on the turbulent fluctuations, it is the statistics of the source that can be model

time history. It is therefore somewhat artificial to construct a time history. An alternative approach is to manipulate the lin
Euler equations, so that they need only the statistics of the turbulent sources, by making use of an adjoint Green funcG.

We chooseG to satisfy the partial differential equation,L∗
ij Gi = −Sj whereL∗

ij is the adjoint operator ofLij andS is a
source distribution that we can specify. After some algebra, Eq. (9) leads to∫

V ′
j Sj d3xdt =

∫ (
R′

ij

∂Gi

∂xj
+ G5N5

)
d3xdt . (12)

The left-hand side of Eq. (12) gives information about the field variableV′, weighted by our choice of the sourceS in the
adjoint problem. For example, if we chooseS5 = δ(x − X)δ(t − T ), with X far away from the jet, and all other componen
of S zero (this is equivalent to choosing a point sink at(X, T ) in the energy equation of the adjoint linearised Euler syste
then the left-hand side of (12) simplifies top′(X, T ) and we have an equation giving the distant pressure perturbation as
to the right-hand side of (12). In the spirit of Lighthill’s and Lilley’s equations, this involves an integral of an acoustic
with a Green function. Here the acoustic source depends nonlinearly on the velocity fluctuation, and all the effects of t
propagating through the evolving jet are described by the vector Green functionG of the linearised Euler equations. With th
choice:S5 = δ(x−X)e−iωt the left-hand side of Eq. (12) reduces top̃(X,ω), the Fourier transform of the pressure perturbat
and the right-hand side just involves̃G(x | X), the Fourier transform ofG. The power spectral density of the distant press
P̃ (X,ω) can be determined from this in the usual way (see, for example, Crighton et al. [27]) and for an isothermal jet,
by

P̃ (X,ω) =
∫

Rijkl (x,�,ω)
∂G̃i

∂xj
(x | X)

∂G̃k

∂xl
(x + � | X)d3xd3�, (13)

whereRijkl (x,�,ω) is the cross-correlation of the turbulent sources,

Rijkl (x,�,ω) =
∫

R′
ij

(x, t)R′
kl

(x + �, t + τ)e−iωτ dτ.

Eq. (13) gives the far-field spectral density in a particularly convenient form: the right-hand side involves the statistic
turbulent field and a vector Green function which is a solution of the harmonic adjoint linearised Euler equations; a
system of equations, whose solution we can find numerically to a high accuracy.
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There are several advantages to this approach. It is convenient to calculateG in the frequency domain. Moreover, if we
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wish to find the radiated sound averaged over the azimuthal direction and the mean flow is axisymmetric, then we
axisymmetric problem forG even if the turbulence itself does not satisfy axisymmetry. Simply through inspection ofG we
can find which the source locations are most effectively coupled to the far-field sound. This would enable us, for exa
highlight the scattering effects of the jet lip or of a pylon.

It remains to decide how to scaleRijkl (x,�,ω), the statistics of the fluctuating Reynolds stress. Tam and Auriault [23]
produced some of the most effective scaling of turbulent sources. However, their approach is hard to follow, starting a
from an analogy with the kinetic theory of gases. In our notation their assumptions are equivalent to

(i) a parallel mean flow,
(ii) R′

ij isotropic, i.e.,R′
ij = qsδij with a particular simple form for the cross-correlation ofD1qs/Dt , whereD1/Dt =

∂/∂t + ū∂/∂x1 andū is the local mean axial velocity.

Specifically, Tam and Auriault take

D1qs

Dt
(x, t)

D1qs

Dt
(x + �, t + τ) = Q2

s

τ2
s

exp

[
−|�x |

ūτs
− ln2

�2
s

(
(�x − ūτ )2 + �2

y + �2
z

)]
. (14)

Qs scales onρu′2 and Tam and Auriault relate it to the turbulent kinetic energy just as in the work of Bechara et al. [2
Qs = Aρ̄ 2

3k. As in Bechara et al.’s modelτs is scaled on the dissipation time,τs = cτ k/ε and�s on the integral length-scal

�s = clk
3/2/ε, whereA,cτ andcl are constants. Using values of the parametersū, τs and�s obtained from a RANS calculation

Morris and Farrassat [28] show that this scaling gives excellentagreement with measured spectra (see Fig. 9). However,
we are making assumptions aboutD1qs/Dt , that would more reasonably be made aboutqs , but that gives a poor fit to th
experimental data (see Fig. 10). The linearised Euler equations with exact source terms provide a framework for ana
implications of different source models.

We see that it is only because Tam and Auriault takeR′
ij to be isotropic thatR′

ij δGi/δxj reduces to1
3R′

ii∇ · G and through

the continuity equation forG to −1
3R′

ii
(ρ̄γ )−1D1G4/Dt . (G4 is the ‘density-like’ variable in the adjoint Euler equations.) T

convective time derivative acting onG4 leads to an extra factorω which has been cancelled by the assumed form ofD1qs/Dt .
If instead the jet is not assumed to be isotropic thenω is replaced by d̄u/dy leading to a source with cross-correlations of
form given by Eq. (14). This is an area ofactive research. There is other good evidence that the isotropic condition should
relaxed [30].

Fig. 9. Power spectral density of the far-field sound at 90◦ to the
jet axis predicted using the source statistics in Eq. (14) (from [28]).
♦ Tam and Auriault’s [23] parameters,� Morris and Farassat’s [28]
parameters,• experiment, Tanna et al. [29].

Fig. 10. Power spectral density of the far-field sound at 90◦ to the
jet axis predicted by modelling the cross-correlation ofqs (x, t) by
a Gaussian (from [28]).◦ scaling the cross-correlation ofqs by a
Gaussian,• experiment, Tanna et al. [29].
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5. Conclusions
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Jet noise remains challenging because of the wide range of frequencies and wavenumbers, and because the sourc
are very weak. The most energetic components of the turbulent field do not generate sound, it is only those elem
supersonic phase speeds that couple to the radiated far-field. DNS is a very useful tool to identify source mechanis
the Reynolds numbers of practical interest some of the turbulent structures that are sources of sound must be model
from the large-scale structures dominate near the jet at anglesθ less than 60◦ from the jet axis. These can be captured by L
and this is an area of current activity. At greater angles from the jet axis much of the sound is due to small scales a
need to be modelled. Simple models for the turbulent statistics have led to good predictions for the sound from these
A vector Green function, which is a solution of the adjoint Euler equations, with a source at the observer’s position, pr
convenient mechanism to couple the far-field sound to the source statistics.
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